Let ~1,22
Introduction and notation
Let us denote by J the set of all mutually nonisomorphic finite simple graphs. If j~o is a proper nonempty subset of J, then ~ will also denote the property that a graph is a member of the set ~. We shall use the terms set of graphs and property of graphs interchangeably.
A property ~ of graphs is said to be hereditary if whenever GE.~ and H is a subgraph of G, then also H E ~ and additive, if for each graph G all of whose components have the property ~ it follows that G E ~ (i.e. ~ is closed under the disjoint union of graphs). Example 1. Hereditary properties were studied intensively (see e.g. [4, 12, 15] , etc.).
Here we list some of them. We use the notation of [2] :
(c = {G E J ] G is totally disconnected}, (~k = {G E J I each component of G has at most k + 1 vertices}, It is easy to see, that ~ = 91 denotes the set of all acyclic graphs, by ~2 the outerplanar graphs and by ~3 the set of all planar graphs are denoted.
The set ~_a of all additive and hereditary properties of graphs partially ordered by set-inclusion forms a complete distributive lattice with the least element C (see [4] ). Let us denote by c(.~) = max{k I Kk+i ~ ~} so-called the completeness of the property (see [4, 11, 12] ), then we shall denote by
Obviously C is the only element of kg, Ck, 5Pk, ~k, ~k, ~, Jk E k~. The ordered set (k~, c_ ) is a complete distributive sublattice of (k ~, C_ ) with least element Ck and greatest element Jk (see [4] ).
Every additive and hereditary property ~ could be uniquely determined by the set F(~) = {G E o¢ I G £ ~, but each proper subgraph H of G belongs to N} of its minimal forbidden subgraphs. [8, 10, 11] ). The basic properties of uniquely ~-partitionable graphs have been invistigated in [2, 13, 17] . The problem of existence of uniquely (~l, ~2,...,~,)-partitionable graphs have been studied in [1, 5, 7, 9, 14, 16] .
In this paper we will consider uniquely (~l, ~2 .... , ~,)-partitionable planar graphs as a generalization of uniquely colourable planar graphs investigated in [6, 8] (see [11, p. 48] ).
We would like to solve the following problem. In this paper we will give a complete characterization of those properties ~ of completeness 1 (i.e. all graphs having property ,~ are K3-free) for which q/((9 o~)A ~350.
Our main results could be formulated as follows: 
Preliminary results
In [7] we proved Theorem 3 (Bucko et al. [7] Uniquely (9~-partitionable graphs, i.e. uniquely k-colourable planar graphs have been investigated by Chartrand and Geller [8] . Their characterization of uniquely 3-colourable outerplanar graphs could be reformulated as follows: 
Proof. (1) follows from the Four Colour Theorem.
(2) The existence of uniquely 4-colourable graphs is known (see [8] ). Let G be a planar graph and (V l, V2, V3, V4) be a 4-colouring of G. By the well-known Euler formula G has a vertex v of degree at most 5. Without loss of generality let v E/:1. Then there exists a j E {2, 3, 4} such that v has at most one neighbour in Vj. Say j = 2, then (Vl -{v}, V2 U {v},/:3, V4) and (V1, V2,/:3, V4) are two different vertex (CI, (9, We shall distinguish two cases: 1. First, let us consider the case that T is a double star. (By a double star Sk~,k~, kt ~>k2 ~> 1 we mean the tree consisting of two adjacent vertices vl,v2 with degrees degvl =kt + 1, degv2 =k2 + 1 and kl +k2 leaves of degree 1.) Let us construct the graph G taking (k~ + l) disjoint copies of L(k2 + 1), add a new vertex Vo and all edges joining Vo with vertices x and y of each copy of L(k2 + 1 ) (for $4,2 see Fig. 2 ). It is easy to see that Vo and all 'odd' vertices of the copies of L(k2 + 1 )'s form the only independent set of vertices in G such that its complement induces a subgraph without Sk,,k2.
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T s=3, r=3 Fig. 3 . The graph G. 
E(G)=E(H)UF so that every edge of F joins a vertex of H with a new vertex zi. 3. The neighborhood of zi is connected for every zi, 1 <. i <~ k. 4. Every v C V(H) is adjacent to at least one new vertex zi.

Vi 3j, j<i so that there is an edge uvEE(H) with {u,v} C N(zi)ON(z/). 6. zl is adjacent to all vertices of the exterior face of H; 7. if (Vi, V2) is a (C,C)-colouring of H, then G[ZU ~] is a tree.
Proof.
1. If H is a tree, the proof is complete. Z = {zl } and F = {vzl ] v E V(H)}. 2. Assume there is a counterexample concerning the above lemma. Let H* be such a counterexample with the smallest number of edges and faces. Clearly, H* has more than one face and H* is 2-connected (otherwise we can find the desired construction for each block of H*). The exterior face of H* is denoted by E in the following. Let us choose a face F with the following property: F A E is connected with at least 2 vertices (there exist at least two such faces).
Remove an edge uv ofF N E. Furthermore remove successively all vertices of degree 1. The new graph H ~ is a connected bipartite plane graph and has obviously one face fewer than H*. Following, there exists a graph G = G(H I) satisfying the conditions of the lemma. Now, we distinguish two cases: (a) All vertices of the boundary of F belong to the exterior face of H*. Let w be the neighbor of the last removed vertex (the root of the removed vertices). In this case embed the removed vertices and edges in a face incident with the edge zlw 6 E(G) and join zl with all these vertices. Proof. If H is a tree then a uniquely (Co~)-partitionable graph G E J3 could be constructed by Lemma 2. Hence we may assume that every tree T has property ~. Now let us construct the plane graph G* in the following way.
Let us take two disjoint copies G1, G2 of the plane graph G constructed by Lemma 4. Let G2 be embedded into the exterior region of Gl and add three new edges zlz ~, z~v 2 and zZvll, where vii and v~ are vertices of H incident with the exterior region of G, and G2, respectively; see Fig. 5 .
Let (WIIi, W2 ') be a 2-colouring of Hi, i= 1,2; without loss of generality suppose v i, E WI i, i= 1,2. Let us consider the partition (Vl*, V2* ) of V(G*) defined by V1* = Wi 1 U Wl2; V2* = V(G*) -VI*. By condition (vii) of Lemma 4 (VI*, V2* ) is a (C,~)-partition of G*, since G*[V2* ] is a tree.
To prove that (VI*, V2* ) is the unique (C,~)-partition of G*, let us consider any ((9,~)-partition of G* say (Vl, V2). If either z I or z~ belongs to V1, then with respect to the conditions (5) and (6) of Lemma 4 all vertices of the corresponding copy Hi of H have to be in V2, which is a contradiction. Thus z~,z 2 ¢ V2 and starting with the triangles zlz I2-1-vli and z1~1-1-2"2Vl, the conditions (3),(4), (5) and (7) 
